In this paper we study three substructures in hypergraphs that generalize the notion of an Euler tour in a graph. A flag-traversing tour of a hypergraph corresponds to an Euler tour of its incidence graph, hence complete characterization of hypergraphs with an Euler tour follows from Euler's Theorem. An Euler tour is a closed walk that traverses each edge of the hypergraph exactly once; and an Euler family is a family of closed walks that cannot be concatenated and that jointly traverse each edge of the hypergraph exactly once. Lonc and Naroski have shown that the problem of existence of an Euler tour is NP-complete even on a very restricted subclass of 3-uniform hypergraphs, while we show that the problem of existence of an Euler family is polynomial on the class of all hypergraphs.
Introduction
As first claimed by Euler in 1741 [7] , and proved by Hierholzer and Wiener in 1873 [11] , it is now well known that a connected graph admits an Euler tour -that is, a closed walk traversing each edge exactly once -if and only if it has no vertices of odd degree. In this paper, we are concerned with the analogous problem for hypergraphs. As we shall see, this extended problem is much more complex; in fact, there is more than one natural way to generalize the notion of an Euler tour to hypergraphs. In this paper we shall consider three such natural extensions.
To our knowledge, not much has been previously known about eulerian properties of hypergraphs. The most in-depth treatment to date can be found in [15] , where Euler tours (closed walks traversing each edge exactly once) of k-uniform hypergraphs are considered. In particular, the authors of [15] determine some necessary conditions (see our Lemma 2.1) for existence of an Euler tour in a hypergraph, and show that these are also sufficient for certain classes of k-uniform hypergraphs (Theorem 2.11). They also show that the problem Euler Tour is NP-complete on the class of k-uniform hypergraphs for each k ≥ 3, and even just on the class of 3-uniform hypergraphs with a connected skeleton; see [15, Theorem 7] .
Some results on Euler tours in block designs have been previously obtained under the disguise of universal cycles and rank-2 universal cycles [5] , as well as 1-overlap cycles [13, 14] . In particular, these results imply existence of Steiner triple systems [13 As we shall see in Subsection 2.2, existence of an Euler tour in a hypergraph implies existence of a Hamilton cycle in its intersection graph, but not conversely. A lot of work has been done on hamiltonicity of block-intersection graphs of designs. The most comprehensive of these results, due to Alspach et al. [1] , shows that the block-intersection graph of every pairwise balanced design with index 1 is hamiltonian; however, this construction does not give rise to an Euler tour in the design. Finally, we mention the article [18] , where certain closed walks in hypergraphs (called s-eulerian, p-eulerian, 2-eulerian, and f-eulerian) are studied; however, these concepts are only remotely related to eulerian properties of hypergraphs considered presently.
In this paper, we investigate three natural generalizations of the notion of Euler tour to hypergraphs: (1) a flag-traversing tour of a hypergraph, which corresponds to an Euler tour of the incidence graph; (2) an Euler tour, a closed walk that traverses each edge of the hypergraph exactly once; and (3) an Euler family, a family of closed walks that cannot be concatenated and that jointly traverse each edge of the hypergraph exactly once. We show that the second of these problems is NP-complete even on the very restricted class of linear 2-regular 3-uniform hypergraphs, while the other two problems are polynomial on the class of all hypergraphs. In fact, Euler's Theorem [7] implies a complete and easy characterization of hypergraphs with flag-traversing tours, and this result will be presented in Subsection 1.3. The rest of the paper is devoted to Euler tours and Euler families. As expected for an NP-complete problem, only partial results will be offered for the problem of existence of Euler tours in hypergraphs; we shall present some necessary conditions, some sufficient conditions, complete characterization for certain classes of hypergraphs, as well as characterization in terms of the intersection graph, the incidence graph, and the blocks of the hypergraph. Analogous, as well as additional results will be presented for hypergraphs with Euler families.
The paper is organized as follows. In the remainder of this section, we introduce basic hypergraph terminology and the three eulerian substructures in hypergraphs, as well as completely characterize hypergraphs with a flag-traversing Euler tour. In the second part of the paper (Section 2), we focus on hypergraphs with Euler tours and Euler families. First, we examine the necessary conditions for a hypergraph to admit an Euler tour or Euler family; we show that while these necessary conditions are sufficient for connected graphs, they are not sufficient for general hypergraphs. On the other hand, we exhibit a new class of hypergraphs for which these necessary conditions are also sufficient. In Subsection 2.2 we then give a partial characterization in terms of the intersection graph of the hypergraph, and in Subsection 2.3, a complete (but not easy to verify) characterization in terms of the incidence graph. Block structure with respect to eulerian properties of a hypergraph is considered in Subsection 2.4. In Subsection 2.5, we determine the complexity of the problems Euler Tour and Euler Family, and in the next two sections we focus on the latter. We give a complete verifiable characterization of hypergraphs with an Euler family using a theorem of Lovász, and then show that every 3-uniform hypergraph without cut edges admits an Euler family. Finally, in Subsection 2.8, we show that a hypergraph admits an Euler family if and only if it can be decomposed into cycles, and exhibit a relationship between 2-factors in a hypergraph and eulerian properties of its dual.
Preliminaries
For any graph-theoretic terms not defined here, the reader is referred to [4] , and for hypergraph definitions, to our earlier manuscript [3] . Note that, since 2-uniform hypergraphs can be thought of as loopless graphs, most terms defined below also extend to graphs.
A hypergraph H is an ordered pair (V, E), where V and E are disjoint finite sets such that V = ∅, together with a function ψ : E → 2 V , called the incidence function. The elements of V = V (H) are called vertices, and the elements of E = E(H) are called edges. The number of vertices |V | and number of edges |E| are called the order and size of the hypergraph, respectively. Often we denote n = |V | and m = |E|. A hypergraph with a single vertex is called trivial, and a hypergraph with no edges is called empty.
Two edges e, e ′ ∈ E are said to be parallel if ψ(e) = ψ(e ′ ), and the number of edges parallel to edge e (including e) is called the multiplicity of e. A hypergraph H is called simple if no edge has multiplicity greater than 1; that is, if ψ is injective.
As is customary for graphs, the incidence function may be omitted when no ambiguity can arise (in particular, when the hypergraph is simple, or when we do not need to distinguish between distinct parallel edges). An edge e is then identified with the subset ψ(e) of V , and for v ∈ V and e ∈ E, we then more conveniently write v ∈ e or v ∈ e instead of v ∈ ψ(e) or v ∈ ψ(e), respectively. Let H = (V, E) be a hypergraph. If v, w ∈ V are distinct vertices and there exists e ∈ E such that v, w ∈ e, then v and w are said to be adjacent in H (via edge e). Similarly, if e, f ∈ E are distinct (but possibly parallel) edges and v ∈ V is such that v ∈ e ∩ f , then e and f are said to be adjacent in H (via vertex v).
Each ordered pair (v, e) such that v ∈ V , e ∈ E, and v ∈ e is called a flag of H; the set of flags is denoted by F (H). If (v, e) is a flag of H, then we say that vertex v is incident with edge e.
The degree of a vertex v ∈ V (denoted by deg H (v) or simply deg(v) if no ambiguity can arise) is the number of edges e ∈ E such that v ∈ e. A vertex of degree 0 is called isolated, and a vertex of degree 1 is called pendant. A hypergraph H is said to be r-regular on V ′ , for V ′ ⊆ V , if every vertex in V ′ has degree r in H, and simply r-regular if it is r-regular on V . Similarly, H is said to be even (odd) on V ′ if every vertex of V ′ has even (respectively, odd) degree in H, and simply even (odd) if it is even (respectively, odd) on V .
The maximum (minimum) cardinality |e| of any edge e ∈ E is called the rank (corank, respectively) of H. A hypergraph H is uniform of rank r (or r-uniform) if |e| = r for all e ∈ E. An edge e ∈ E is called empty if |e| = 0.
, is called the hypersubgraph of H induced by the edge set E ′ . If e ∈ E, we write shortly H − e for the hypersubgraph (V, E − {e}), also called an edge-deleted hypersubgraph. A hypersubgraph
hypersubgraph of H. Furthermore, if a and b are integers with 0 ≤ a ≤ b, then we define an (a, b)-factor of H as a spanning hypersubgraph of H in which every vertex has degree in the interval [a, b] . A hypergraph is called linear if every pair of distinct edges intersect in at most one vertex.
The union of hypergraphs is a straight generalization of union of graphs. If the edge set of a hypergraph H is a disjoint union of the edge sets of its hypersubgraphs H 1 , . . . , H k , then we say that H decomposes into H 1 , . . . , H k , and write H = H 1 ⊕ . . . ⊕ H k . A decomposition of a hypergraph H into its r-factors is called an r-factorization of H.
The main tool used in this paper is the conversion of a problem about hypergraphs to a problem about graphs. The incidence graph, to be defined below, is particularly helpful since it contains complete information about its hypergraph.
Let H = (V, E) be a hypergraph with incidence function ψ. The incidence graph G(H) of H is the graph G(H) = (V G , E G ) with V G = V ∪ E and E G = {ve : v ∈ V, e ∈ E, v ∈ ψ(e)}. Thus G(H) is a bipartite simple graph with bipartition {V, E}. We call a vertex x of G(H) a v-vertex if x ∈ V , and an e-vertex if x ∈ E. Note that the edge set of G(H) can be identified with the flag set F (H); that is, E G = {ve : (v, e) ∈ F (H)}.
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The intersection graph (or line graph) of the hypergraph H = (V, E), denoted L(H), is the graph with vertex set E and edge set {ee ′ : e, e ′ ∈ E, e = e ′ , e ∩ e ′ = ∅}. More generally, for any positive integer ℓ, we define the ℓ-intersection graph of the hypergraph H = (V, E), denoted L ℓ (H), as the graph with vertex set E and edge set {ee ′ : e, e ′ ∈ E, e = e ′ , |e∩e ′ | = ℓ}, and the ℓ * -intersection graph of H, denoted L * ℓ (H), as the graph with vertex set E and edge set {ee ′ : e, e ′ ∈ E, e = e ′ , |e ∩ e ′ | ≥ ℓ}. Note that the intersection graphs do not contain full information about the hypergraph.
Let H = (V, E) be a hypergraph, let u, v ∈ V , and let k ≥ 0 be an integer. A (u, v)-walk of length k in H is a sequence v 0 e 1 v 1 e 2 v 2 . . . v k−1 e k v k of vertices and edges (possibly repeated) A walk The following result describes the correspondence between the various types of walks in a hypergraph and its incidence graph. Lemma 1.1 [3] Let H = (V, E) be a hypergraph and G = G(H) its incidence graph. Let v i ∈ V for i = 0, 1, . . . , k, and e i ∈ E for i = 1, . . . , k, and let
Denote the corresponding sequence of vertices in G by W G . Then the following hold:
1. W is a (closed) walk in H if and only if W G is a (closed) walk in G with no two consecutive v-vertices being the same.
2. W is a trail (path, cycle) in H if and only if W G is a trail (path, cycle, respectively) in G.
3. W is a strict trail in H if and only if W G is a trail in G that visits every e ∈ E at most once.
A hypergraph H = (V, E) is said to be connected if for every pair of distinct vertices u, v ∈ V there exists a (u, v)-walk (or equivalently, a (u, v)-path) in H. The connected components of H are the maximal connected hypersubgraphs of H that have no empty edges. The number of connected components of H is denoted by c(H). Theorem 1.2 [3] Let H = (V, E) be a hypergraph without empty edges. Then H is connected if and only if its incidence graph G = G(H) is connected.
Introduction to eulerian properties of hypergraphs
An Euler tour in a graph is usually defined as a closed trail that traverses every edge of the graph. Equivalently, an Euler tour in a graph is a closed trail that traverses each flag exactly once. This observation suggests two natural ways to generalize Euler tours to hypergraphs. We add a third one, observing that in a connected graph, a family of closed trails that jointly traverse each edge exactly once, can always be concatenated into an Euler tour. 2. An Euler tour of H is a closed strict trail of H traversing every edge of H.
3. An Euler family of H is a family F = {T 1 , . . . , T k } of closed strict trails of H such that: (i) each edge of H lies in exactly one trail of the family, and (ii) the trails T 1 , . . . , T k are pairwise anchor-disjoint.
We remark that a hypergraph admits a family of closed strict trails satisfying Property (i) if and only if it admits a family satisfying Properties (i) and (ii), since two closed strict trails with a common anchor can be concatenated into a longer closed strict trail.
The main objective of this paper is to characterize hypergraphs with a flag-traversing tour, Euler tour, and Euler family, respectively. As we shall see, these three seemingly similar problems -which are, in fact, equivalent for connected graphs -greatly differ in their difficulty. In the next section, we completely solve the first problem. Then, in the remainder of the paper, we give partial solutions to the latter two problems. In particular, we show that the second problem is NP-complete even on a very restricted subclass of hypergraphs, while the third is polynomial on the set of all hypergraphs. Proof. Let H = (V, E) be a connected hypergraph, and G its incidence graph. A flagtraversing of H is a closed walk W of H that traverses each flag (v, e) of H exactly once. Hence, by Lemma 1.1, W corresponds to a closed walk of G that traverses each edge of G exactly once, that is, an Euler tour of G; and vice-versa. The result follows by Euler's Theorem [7] . Corollary 1.5 Let H = (V, E) be a hypergraph such that deg H (v) and |e| are even for all v ∈ V and e ∈ E. Then H is admits a collection of cycles such that each flag of H is an anchor flag of exactly one of these cycles.
Proof. With the assumptions of the corollary, the incidence graph G = G(H) is even, and hence is by Veblen's Theorem [20] an edge-disjoint union of cycles. Each cycle C G of G corresponds to a cycle C H in H by Lemma 1.1, and the edges of C G correspond to the anchor flags of C H . Hence H admits a collection of cycles such that each flag of H is an anchor flag of exactly one of them.
Note that the above corollary does not claim that H admits a decomposition into cycles; compare Theorem 2.46.
Since hypergraphs with a flag-traversing tour are completely characterized in Theorem 1.4, we shall focus on Euler tours and Euler families for the rest of the paper. We hence define the following terms. Clearly, every eulerian hypergraph is also quasi-eulerian, but as we shall see soon, the converse does not hold.
Eulerian and quasi-eulerian hypergraphs
All hypergraphs in this section are assumed to have no empty edges.
Examining the necessary conditions
Lonc and Naroski [15] determined the following necessary conditions for a (k-uniform) hypergraph to be eulerian. We extend their observation to general quasi-eulerian hypergraphs, and since the two conditions are equivalent, we shall refer to them in the singular. Lemma 2.1 Let H = (V, E) be a quasi-eulerian hypergraph, and V odd the set of odd-degree vertices in H.
and
Moreover, the two inequalities are equivalent.
Proof. First, we show Inequality (1). Let F be an Euler family of H, and T any closed strict trail in F . For all u ∈ V , let m T (u) denote the number of times u is traversed on T as an anchor vertex. (Here, the endpoints of the trail together count as one traversal.) Since vertices and edges alternate along T , and each edge of H is traversed exactly once by a trail in F , we have
⌋. Hence, as claimed,
It now suffices to show that Inequalities (1) and (2) are equivalent. Observe that
⌋ ≥ |E| if and only if e∈E |e| − |V odd | ≥ 2|E|, that is, if and only if
We remark that a hypergraph with a single edge cannot be quasi-eulerian, both by the definition of a closed walk, as well as by Lemma 2.1.
Question 2.2 Is the necessary condition in Lemma 2.1 also sufficient?
The answer to Question 2.2 is positive for graphs: if G = (V, E) is a graph, then e∈E (|e| − 2) = 0, and if G satisfies the condition in Lemma 2.1, then G has no vertices of odd degree, and every connected component of G has an Euler tour. Hence G is quasi-eulerian.
For hypergraphs, however, it is easily seen that in general the answer to the above question is negative. We shall now present some counterexamples, starting with the more trivial ones. We first state the most obvious limiting property, which follows straight from the definition of a walk. Lemma 2.3 A quasi-eulerian hypergraph has no edge of cardinality less than two.
Example 2.4 Fix any n ≥ 3, and let V = {v 1 , v 2 , . . . , v n } and E = {e 1 , e 2 , . . . , e n }, where
Thus H satisfies the necessary conditions in Lemma 2.1. However, H is not quasi-eulerian since e 1 is an edge of cardinality 1.
Lemma 2.5 Every edge of a quasi-eulerian hypergraph contains at least two vertices that are not pendant.
Proof. An anchor vertex of a closed trail (necessarily traversing at least two edges) must have degree at least 2. If a hypergraph is quasi-eulerian, every edge lies in a closed trail, and hence every edge contains at least 2 vertices that are not pendant.
Example 2.6 Fix any n ≥ 7, and let V = {v 1 , v 2 , . . . , v n } and E = {e 1 , e 2 , . . . , e n }, where A cut edge in a hypergraph H = (V, E) is an edge e ∈ E such that c(H − e) > c(H). A graph with a cut edge obviously does not admit an Euler tour. The issue is more complex for hypergraphs. First, we need to distinguish between two types of cut edges. As we showed in [3, Lemma 3.15] , if e is a cut edge in a hypergraph H = (V, E), then c(H −e) ≤ c(H)+|e|−1. A cut edge that achieves the upper bound in this inequality is called strong; all other cut edges are called weak. Observe that a cut edge has cardinality at least two, and that any cut edge of cardinality two (and hence any cut edge in a graph) is necessarily strong. Theorem 2.7 Let H = (V, E) be a hypergraph with a cut edge e.
1. If e is a strong cut edge, then H is not quasi-eulerian.
2. If H − e has at least two non-trivial connected components, then H is not eulerian. Proof.
1.
Assume that e is a strong cut edge. If H admits an Euler family, then e lies in a closed strict trail, and consequently in a cycle of H. However, by [3, Theorem 3.18] , no strong cut edge lies in a cycle -a contradiction. Hence H is not quasi-eulerian.
2. Assume that H − e has at least two non-trivial connected components. Since e is a cut edge of H, it is a cut e-vertex in its incidence graph Suppose H has an Euler tour. By Lemma 1.1, G has a closed trail T traversing each e-vertex (including e) exactly once. Hence T \e is a trail that traverses every e-vertex in G\e, contradicting the above. Thus H is not eulerian.
Note that if a hypergraph has no strong cut edges, then it may or may not be quasieulerian; an example of each kind is given in Figures 1 and 2 , respectively. Both of these examples have weak cut edges and satisfy the necessary condition from Lemma 2.1; they are also 3-uniform.
As we saw in Theorem 2.7, a cut edge may prevent a hypergraph from admitting an Euler family. We now give a counterexample to the sufficiency of the condition in Lemma 2.1 that has no cut edges. It can be easily generalized to give an infinite family of such hypergraphs. Example 2.8 Let H = (V, E) be a hypergraph whose incidence graph is shown in Figure 3 . Then H has no cut edges and no Euler family, yet it satisfies the necessary condition from Lemma 2.1. Note that the previous counterexample contains edges of cardinality 2; Stamplecoskie [19] recently showed that for every c ≥ 2 and m ≥ 5, there exists a connected hypergraph of corank c, size m, and without cut edges that satisfies the necessary condition from Lemma 2.1 but is not quasi-eulerian. However, in Theorem 2.39 we shall see that every 3-uniform hypergraph without cut edges is quasi-eulerian. Hence the following question.
Question 2.9 Does there exist a connected k-uniform hypergraph (for k ≥ 4) with no cut edges that satisfies the necessary condition from Lemma 2.1 but is not quasi-eulerian?
The following example shows that Theorem 2.39 does not extend to eulerian hypergraphs; that is, not all 3-uniform hypergraphs without cut edges are eulerian. Example 2.10 Let H = (V, E) be a hypergraph whose incidence graph is shown in Figure 4 . Observe that H is 3-uniform and has no cut edges. Furthermore, it is quasi-eulerian but not eulerian, and it satisfies the necessary condition in Lemma 2.1. Observe that its 2-intersection graph is disconnected -see Theorem 2.11 below. To conclude this section, we shall present a new class of hypergraphs for which the necessary condition from Lemma 2.1 is also sufficient, extending the following result by Lonc and Naroski.
Theorem 2.11 [15] Let k ≥ 3, and let H = (V, E) be a k-uniform hypergraph with a connected (k − 1)-intersection graph. Then H is eulerian if and only if
We propose the following two generalizations (Theorem 2.12 and Corollary 2.13 below). The main idea of the proof is based on the proof of the above theorem from [15] for k ≥ 4.
For any hypergraph H = (V, E), define a digraph D 3 (H) as follows: its vertex set is E and its arc set is {(e, f ) : e, f ∈ E, |f − e| = 1, |e ∩ f | ≥ 3}. Recall that an arborescence is a directed graph whose underlying undirected graph is a tree, and whose arcs are all directed towards a root. Theorem 2.12 Let H = (V, E) be a hypergraph such that its digraph D 3 (H) has a spanning subdigraph that is a vertex-disjoint union of non-trivial arborescences. Then H is quasieulerian.
Proof. For convenience, we say that a digraph satisfies Property P if has a spanning subdigraph that is a vertex-disjoint union of non-trivial arborescences. We shall prove by induction on the number of edges that every hypergraph H whose digraph D 3 (H) satisfies Property P possesses an Euler family. Observe that such a hypergraph necessarily has at least two edges.
First, let H = (V, E) be a hypergraph with E = {e, f } such that its digraph D 3 (H) satisfies Property P. Then D 3 (H) must have a spanning arborescence. Moreover, we have that |e ∩ f | ≥ 3. Take any u, v ∈ e ∩ f such that u = v. Then T = uevf u is an Euler tour of H. Thus H possesses an Euler family as claimed.
Assume that for some m ≥ 2, every hypergraph H with at least m edges whose digraph Since |f − e| = 1, at least one of u and v -say v without loss of generality -is also in e, and since |e ∩ f | ≥ 3, there exists w ∈ e ∩ f such that w = u, v. Then T ′ = uf wevW is a closed strict trail of H. Finally, replace T in F by T ′ to obtain an Euler family of H.
The result follows by induction.
With very minor changes to the above proof we obtain the following.
Corollary 2.13
Let H = (V, E) be a hypergraph such that its digraph D 3 (H) has a nontrivial spanning arborescence. Then H is eulerian.
Observe that Corollary 2.13 extends Theorem 2.11 to a (much) larger family of hypergraphs, while Theorem 2.12 generalizes it to quasi-eulerian hypergraphs. Still, the sufficient conditions in Theorem 2.12 and Corollary 2.13 are very strong, and the converses clearly do not hold.
Characterization using the intersection graphs
We shall now take another look at the intersection graphs of a hypergraph H to determine some necessary and some sufficient conditions for H to be eulerian or quasi-eulerian. The following observation will be an essential tool to establish the necessary conditions. Lemma 2.14 Let H = (V, E) be a hypergraph and L = L(H) its intersection graph. Furthermore, let W = v 0 e 1 v 1 e 2 v 2 . . . v k−1 e k v k be a walk in H (so that all v i ∈ V and all e i ∈ E), and let W L = e 1 e 2 . . . e k and W * L = e 1 e 2 . . . e k e 1 . Then:
2. If W is a strict trail, then W L is a path.
3. If W is a closed strict trail and k ≥ 3, then W * L is a cycle. 14 Proof. Similarly, let F be an Euler family of H. Each closed strict trail in F of length 2 gives rise to a path of length 1 in L, while each closed strict trail of length at least 3 corresponds to a cycle in L. Since the closed strict trails in F are pairwise edge-disjoint, the corresponding subgraphs in L are pairwise vertex-disjoint, and since the members of F jointly cover all the edges of H, the corresponding subgraphs in L form a spanning subgraph whose connected components are 1-regular or 2-regular. If F contains no strict closed trails of length 2, then this spanning subgraph is in fact a 2-factor.
As defined,
Note that in general, the converse of Theorem 2.15 does not hold: for a walk W in L(H), it may happen that every corresponding sequence of vertices and edges in H contains two consecutive vertices that are the same. In Theorem 2.17 below, however, we present three families of hypergraphs for which the converse does hold. But first, we need the following lemma.
Lemma 2.16
Let H = (V, E) be a hypergraph and L = L(H) its intersection graph. Furthermore, let W L = e 0 e 1 . . . e k−1 e 0 be a cycle in L. Assume that one of the following hold:
∩ e i+1 | ≥ 2 for all i ∈ Z k , and |e k−2 ∩ e k−1 | ≥ 3.
Then there exist
Proof. It suffices to choose, for each i ∈ Z k , a vertex v i ∈ e i−1 ∩ e i such that v i = v i−1 . Then W = v 0 e 0 v 1 e 1 v 2 . . . v k−1 e k−1 v 0 will be a closed strict trail in H. Consider the following algorithm:
1. Choose any v 0 ∈ e k−1 ∩ e 0 .
For all
Steps 1-2 of the algorithm will be successful with any of the assumptions (a), (b), and (c), since deg H (v) ≤ 2 for all v ∈ V , or |e i ∩ e i+1 | ≥ 2 for all i ∈ Z k . Step 3 will also be successful in Cases (a) and (c) since deg H (v) ≤ 2 for all v ∈ V , or |e k−2 ∩ e k−1 | ≥ 3. Hence consider
Step 3 in Case (b).
If
Step 3 cannot be executed, then we must have that e k−2 ∩ e k−1 = {v 0 , v k−2 }. Consider the subgraph of the cycle W L induced by the edges of the form e i−1 e i such that e i−1 ∩ e i = {v 0 , v k−2 }. This subgraph is either the (even-length) cycle W L itself, or it is a vertex-disjoint union of paths. In either case, its edges can be alternately labelled with vertices v 0 and v k−2 , resulting in a revised choice of vertices v 0 , v 1 , . . . , v k−1 ∈ V that yields a closed strict trail in H.
Theorem 2.17
Let H = (V, E) be a hypergraph. Assume L is a graph satisfying one of the following:
Then H is eulerian (quasi-eulerian) whenever L has a Hamilton cycle (2-factor, respectively). Moreover, in Cases (b) and (c), H is quasi-eulerian whenever L has a spanning subgraph whose connected components are 1-regular or 2-regular.
Proof. Assuming one of the Conditions (a)-(c), by Lemma 2.16, a cycle in L corresponds to a closed strict trail in H. Moreover, a Hamilton cycle in L corresponds to a closed strict trail containing all the edges of H (that is, an Euler tour), and a 2-factor corresponds to a family of edge-disjoint closed strict trails that jointly traverse all the edges. Sequentially concatenating any closed strict trails in this family with a common anchor vertex we obtain an Euler family of H.
In Cases (b) and (c), each 1-regular component of a spanning subgraph of L gives rise to closed strict trail of length 2 in H, and an Euler family is obtained as above.
Characterization in terms of the incidence graph
The following characterization of eulerian and quasi-eulerian hypergraphs in terms of their incidence graph will be henceforth our main tool.
Theorem 2.18
Let H = (V, E) be a connected hypergraph and G its incidence graph. Then H is quasi-eulerian if and only if G has an even subgraph that is 2-regular on E, and it is eulerian if and only if G has such a subgraph with a single non-trivial connected component.
Proof. Assume H has an Euler family F . Then each edge of H is traversed exactly once by a closed strict trail in F . Hence F corresponds to a family F G of closed trails of G such that each e ∈ E is traversed exactly once by a trail in F G . Let G ′ be the subgraph of G corresponding to F G . Then clearly G ′ is even on V and 2-regular on E.
Similarly, if H has an Euler tour T , then T is a closed strict trail that traverses each edge of H exactly once, and hence corresponds to a closed trail T G of G that traverses each e ∈ E exactly once. Then T G may be viewed as the unique connected component of a subgraph G ′ of G that is even on V and 2-regular on E.
Conversely, suppose G ′ is an even subgraph of G that is 2-regular on E. Then each non-trivial connected component of G ′ has an Euler tour; let T be the family of these closed trails in G. The closed trails in T are pairwise vertex-disjoint and jointly traverse each e-vertex exactly once. Hence T corresponds to a family F of closed strict trails in H that are pairwise anchor-disjoint and edge-disjoint, and together traverse each edge of H exactly once; that is, an Euler family of H. If G ′ has a single non-trivial connected component, then F contains a single closed strict trail; that is, an Euler tour of H.
Using Theorem 2.18, certain families of hypergraphs can be easily seen to be eulerian or quasi-eulerian. The first of the following corollaries is immediate.
Corollary 2.19
Let H be a hypergraph with the incidence graph G. If G has a 2-factor, then H is quasi-eulerian. If G is hamiltonian, then H is eulerian.
Corollary 2.20
Let H be an r-regular r-uniform hypergraph for r ≥ 2. Then H is quasieulerian.
Proof. The incidence graph G of H is an r-regular bipartite graph with r ≥ 2. Therefore, as a corollary of Hall's Theorem [10] , G admits two edge-disjoint perfect matchings, and hence a 2-factor. Thus H is quasi-eulerian by Corollary 2.19.
Corollary 2.21
Let H be a 2k-uniform even hypergraph. Then H is quasi-eulerian.
Moreover, H has a collection of Euler families {F 1 , . . . , F k } such that each flag of H occurs as an anchor flag of exactly one family F i in this collection.
Proof. Let G be the incidence graph of H. In G, every e-vertex has degree 2k, and every v-vertex has even degree. A result by Hilton [12, Theorem 8] then shows that G has an evenly equitable k-edge colouring; that is, a k-edge colouring such that (i) every vertex is incident with an even number of edges of each colour, and (ii) for each vertex, the numbers of edges of any two colours that are incident with this vertex differ by at most two. Hence the i-th colour class, for i = 1, 2, . . . , k, induces an even subgraph G i of G that is 2-regular on E. By Theorem 2.18, each G i corresponds to an Euler family F i of H, and H is quasi-eulerian. Since every edge of G lies in exactly one of G 1 , . . . , G k , it follows that each flag of H occurs as an anchor flag of exactly one family among F 1 , . . . , F k .
Characterization using blocks
In this section, we reduce the problem of existence of an Euler family in a hypergraph to the identical problem on its blocks (to be defined below, analogously to blocks in graphs). As expected, this reduction is a little more complicated, and perhaps not as useful, in the case of Euler tours. We refer the reader to [3] for more information on blocks in a hypergraph. Using our characterization in terms of the incidence graph (Theorem 2.18), the above theorem can be immediately augmented as follows.
Corollary 2.25
Let H = (V, E) be a hypergraph. Then:
1. H has an Euler family if and only if for each block B of H, the incidence graph G B of B has an even subgraph G ′ B that is 2-regular on E(B).
H has an
Euler tour if and only if for each block B of H, the incidence graph G B of B has an even subgraph G ′ B that is 2-regular on E(B) and has a unique non-trivial connected component, which necessarily contains every separating vertex of H that lies in B.
With the insight of Theorem 2.24, one can easily construct a connected hypergraph H that is quasi-eulerian but not eulerian, namely, one with a separating vertex. Let B be an eulerian non-separable hypergraph that has more vertices than edges, and let A be any eulerian hypergraph. For each vertex v of B, let A v be a copy of the hypergraph A such that V (A v ) ∩ V (B) = {v} and the hypergraphs A v are all pairwise vertex-disjoint. Now let H be the union of B with all A v . Each v ∈ V (B) is now a separating vertex of H, and since B cannot have an Euler tour traversing every vertex, H has no Euler tour. However, the Euler tours of B and all the A v (concatenating any that have common anchor vertices) will give rise to an Euler family for H.
One may then ask whether a connected hypergraph without separating vertices that admits an Euler family necessarily admits an Euler tour. The answer is negative, as shown by the counterexample below. Example 2.26 Let H be a hypergraph whose incidence graph is shown in Figure 5 . Observe that H is quasi-eulerian but not eulerian, has no cut edges and no separating vertices, and satisfies the necessary condition from Lemma 2.1. 
Complexity of the Euler Tour and Euler Family problems
We shall now turn our attention to the complexity of the two problems. First, we define the bigness of a hypergraph as the maximum of the order (number of vertices) and the size (number of edges) of the hypergraph. In this section, we show that the problem of determining whether or not a given hypergraph is eulerian is NP-complete, while -perhaps surprisingly -the problem of determining whether or not a given hypergraph is quasieulerian is polynomial in the bigness of the hypergraph.
We begin by formally defining our first decision problem.
Problem 2.27 Euler Tour
Given: A hypergraph H.
Decide: Does H have an Euler tour?
Recall that a hypergraph is called linear if every pair of distinct edges intersect in at most one vertex.
Lonc and Naroski [15] showed that Euler Tour is NP-complete on the set of k-uniform hypergraphs for any k ≥ 3 (as well as on the set of 3-uniform hypergraphs with a connected skeleton). Their proof for k = 3 actually shows that the problem is NP-complete on the smaller class of linear 2-regular 3-uniform hypergraphs, as stated in Theorem 2.29 below. For completeness, we include the proof from [15] . In the polynomial reduction, the following known NP-complete problem is used.
Problem 2.28 Hamilton Cycle
Given: A graph G. Proof. [15] Clearly, Euler Tour is in the class NP since a potential solution can be verified in time that is polynomial in the number of edges, and hence also in the bigness of the hypergraph.
Let G = (V G , E G ) be a simple cubic graph. Define a hypergraph H = (V H , E H ) as follows: V H = E G and E H = {e v : v ∈ V G }, where for each vertex v ∈ V G , we let e v be the set of edges of G incident with v. (In other words, H is the dual of G.) Observe that H is linear, 2-regular, and 3-uniform. Now, if C = v 0 e 1 v 1 e 2 . . . v n−1 e n v 0 is a Hamilton cycle in G, then e 1 e v 1 e 2 . . . e v n−1 e n e v 0 e 1 is an Euler tour of H. Conversely, suppose T = e 0 e v 1 e 1 . . . e v n−1 e n−1 e vn e 0 is an Euler tour of H. Then C = v 1 e 1 . . . v n−1 e n−1 v n e 0 v 1 is a Hamilton cycle in G.
These conversions are clearly polynomial in the number of vertices of G, and hence also in the size and bigness of H. Therefore, since Hamilton Cycle is NP-complete on the set of all cubic graphs [9] , Euler Tour is NP-complete on the set LH Next, we define our second decision problem.
Problem 2.30 Euler Family
Decide: Does H have an Euler family?
Below, we show that Euler Family is a polynomial problem on the set of all hypergraphs. In the reduction, the following known polynomial problem [6] will be used.
Problem 2.31 1-Factor
Given: A graph G. Decide: Does G have a 1-factor?
For a graph X and a function f : V (X) → N, an f -factor of X is a spanning subgraph
G). Bondy and Murty [4] describe a
polynomial reduction, originally due to Tutte [21] , of the problem of existence of an f -factor in a graph without loops to the problem of existence of a 1-factor in a graph. This reduction can be extended to graphs with loops as follows.
Lemma 2.32 Let X = (V, E) be a graph obtained from a simple graph by adjoining ℓ(u) loops to each vertex u, where ℓ(u) is polynomial in the order of X. Let f : V → N be a function with f (u) ≤ deg X (u) for all u ∈ V . For each v ∈ V , construct a graph Y v as follows:
• The edge set of Y v consists of all edges of the form uv for u ∈ S v and v ∈ T v ∪ U v , as well as a perfect matching on the set U v .
A graph X f is obtained from X by taking the vertex-disjoint union of the graphs Y v , for all v ∈ V , and inserting a single linking edge with one endpoint in T u and the other in T v if and only if uv ∈ E and u = v. The endpoints of these edges are chosen so that each vertex in T v , for each v ∈ V , is an endpoint of exactly one of these linking edges. A 1-factor in X f then corresponds to an f -factor in X, and vice-versa, and this conversion is polynomial in the order of X.
Proof. First, observe that the graph X f is well defined: each vertex v ∈ V has exactly deg X (v) − 2ℓ(v) = |T v | neighbours u = v in X, and so it is indeed possible to join each vertex of T v to exactly one vertex in some T u such that u = v and uv ∈ E.
Next, we show that a 1-factor in X f corresponds to an f -factor in X. Let M f be the edge set of a 1-factor (that is, a perfect matching) in X f . For each v ∈ V , let ℓ f (v) denote the number of edges of M f with both ends in U v . Then let E ′ be the subset of E containing all edges uv such that u, v ∈ V , u = v, for which there exist x ∈ T u and y ∈ T v with xy ∈ M f ; in addition, let E ′ contain exactly ℓ f (v) loops incident with v for each vertex v ∈ V .
Let F = (V, E ′ ). We claim F is an f -factor of X. Fix any vertex v ∈ V . Let τ (v) be the number of edges of M f with one endpoint in T v and the other in a set T u for all u = v, and observe that deg F (v) = τ (v) + 2ℓ f (v). Furthermore, let σ(v) be the number of edges of M f with one endpoint in T v and the other in S v , and let ν(v) be the number of edges of M f with one endpoint in S v and the other in U v . Then
Conversely, take any f -factor F of X, and construct a subset M f of edges of X f as follows.
(1) For each u, v ∈ V , u = v, if uv ∈ E(F ), then let M f contain the unique edge with one endpoint in T u and the other in T v .
(2) For each v ∈ V , if E(F ) contains ℓ f (v) loops incident with v, then let M f contain ℓ f (v) edges with both ends in U v .
(3) For each v ∈ V , let M f contain |S v | independent edges with one endpoint in S v and the other in U v ∪ T v .
We now show that the edges in (3) can be chosen to be independent from the edges chosen in (1) and (2) . Indeed, in (1), for each v ∈ V , f (v) − 2ℓ f (v) edges with one endpoint in T v were chosen, and in (2), 2ℓ f (v) edges with both ends in U v were put into M f . This leaves
vertices in T v , and
the edges in (3) can be chosen so that M f is an independent set and every vertex in X f is M f -saturated. We conclude that (V (X f ), M f ) is a 1-factor in X f . Since for each v ∈ V , the number of loops ℓ(v) incident with v is polynomial in the order of X, these conversions are polynomial in the order of X. Theorem 2.33 Let H be the family of all hypergraphs. Then Euler Family is polynomial on H.
Proof. Let H = (V, E) be a hypergraph, and G its incidence graph. By Theorem 2.18, H admits an Euler family if and only if G has an even subgraph G ′ that is 2-regular on E; in this proof, we shall call such a subgraph G ′ an EF-factor of G.
Starting from G, construct a graph G * by appending ⌊
⌋ loops to each v ∈ V . Then define a function f : V ∪ E → N by f (e) = 2 for all e ∈ E, and f (v) = 2⌊
We claim that G has an EF-factor G ′ if and only if G * has an f -factor. Indeed, take an EF-factor G ′ of G. Appending
Conversely, removing the loops from any f -factor of G * will result in an EF-factor G ′ of G. This conversion is clearly polynomial in the order of G, and hence in the bigness of H. By Lemma 2.32 and [6] , the problem of finding an f -factor in the graph G * is polynomial in the order of G * . Hence the problem of finding an Euler family in H is polynomial in the bigness of H. We conclude that Euler Family is polynomial on H.
Note that the reduction to the problem of a 1-factor in a graph as described in Lemma 2.32, together with Edmonds' Algorithm [6] for finding a maximum matching in an arbitrary graph, gives us a polynomial-time algorithm for constructing an Euler family in a quasi-eulerian hypergraph. We should also mention that in the proof of Theorem 2.33, instead of Lemma 2.32, we could have used the fact that the general f -factor problem is polynomial [2, Theorem 6.2].
Quasi-eulerian hypergraphs: necessary and sufficient conditions
Theorem 2.18 shows that a hypergraph H = (V, E) admits an Euler family if and only if its incidence graph G(H) has an even subgraph that is 2-regular on E. We shall now combine this observation with Lovasz's Theorem 2.34 (below) to give more easily verifiable necessary and sufficient conditions. For a graph G and functions f, g :
for all x ∈ V (G). An f -factor is then simply an (f, f )-factor. For any subgraph G 1 of G and any sets V 1 , V 2 ⊆ V (G), let ε G 1 (V 1 , V 2 ) denote the number of edges of G 1 with one end in V 1 and the other in V 2 .
Theorem 2.34 [16] Let G be a graph and let f, g :
where q(S, T ) is the number of connected components C of G \ (S ∪ T ) such that
Corollary 2.35
Let H = (V, E) be a hypergraph and G = G(H) its incidence graph. Then H is quasi-eulerian if and only if all disjoint sets S ⊆ E and
where q(S, T ) is the number of connected components
Proof. By Theorem 2.18, H has an Euler family if and only if G has an even subgraph G ′ that is 2-regular on E. Define functions f, g : V ∪ E → N as follows:
where K is a sufficiently large even integer. Observe that f and g satisfy the assumptions of Theorem 2.34. Moreover, a subgraph G ′ of G with the required properties is a (g, f )-factor
for all x ∈ V (G), and conversely.
For any subsets S and
is very large, and Condition (3) clearly holds for S and T . Thus Theorem 2.34 asserts that G has an (f, g)-factor if and only if Condition (3) holds for all disjoint sets S ⊆ E and
, it is then straightforward to show that Condition (3) in Theorem 2.34 is equivalent to Condition (4) in the statement of this corollary. The result follows as claimed.
To express the necessary conditions in Corollary 2.35 in the language of the hypergraph itself, we introduce the following term. For a hypergraph H = (V, E) and sets V ′ ⊆ V and
will denote the hypergraph with vertex set V ′ and edge set {e ∩ V ′ : e ∈ E ′ }. Observe that the incidence graph of H[V ′ , E ′ ] is then the subgraph of
Corollary 2.36 A hypergraph H = (V, E) is quasi-eulerian if and only if every subset V ′ ⊆ V and all disjoint subsets E ′ , E ′′ ⊆ E satisfy
where
| is odd, and q e (V ′ ) is the number of edges 
Observe that the incidence graph of (
by deleting any isolated e-vertices; these are precisely the edges e ∈ E − (E ′ ∪ E ′′ )
such that e ⊆ V ′ . Hence, by Theorem 1.2, the connected components of G\(S ∪T ) are either the incidence graphs of the connected components of (
If however, C G corresponds an isolated e-vertex e, then
and Conditions (4) and (5) 
Quasi-eulerian 3-uniform hypergraphs
In Theorem 2.7, we saw that a hypergraph with strong cut edges cannot be quasi-eulerian, while the examples in Figures 1 and 2 show that a hypergraph with cut edges, none of which is strong, may or may not be quasi-eulerian. The following theorem completes the picture for 3-uniform hypergraphs. The main ingredient in the proof is the following result by Fleischner.
Theorem 2.38 [8] Every graph without cut edges and of minimum degree at least 3 has a spanning even subgraph without isolated vertices.
Theorem 2.39
Let H = (V, E) be a 3-uniform hypergraph without cut edges. Then H is quasi-eulerian.
Proof. Let G = G(H) be the incidence graph of H. We claim that, since H has no cut edges, the graph G has no cut edges. Suppose, to the contrary, that ve is a cut edge of G (where v ∈ V and e ∈ E), and let G v and G e be the connected components of G − ve containing vertex v and e, respectively. Since |e| > 1, the component G e must contain a v-vertex w, and v and w are disconnected in G − ve. Hence they are disconnected in H − e, showing that e is a cut edge of H, a contradiction. Therefore G has no cut edges as claimed. Note that we may assume that H, and hence G, has no isolated vertices. Clearly, G has no vertices of degree 1, since the edge incident with such a vertex would necessarily be a cut edge. Suppose G has a vertex of degree 2. Then it must be a v-vertex, since |e| = 3 for all e ∈ E. Obtain a graph G * from G by replacing, for every vertex v of degree 2, the 2-path e 1 ve 2 in G with an edge e 1 e 2 . Observe that in G * , all e-vertices have degree 3, and all v-vertices have degree at least 3. Moreover, G * has no cut edges since G does not.
Therefore, by Theorem 2.38, G * has a spanning even subgraph G * 1 without isolated vertices. We construct a subgraph G 1 of G as follows: for any vertex v of degree 2 in G, and its incident edges e 1 and e 2 , if e 1 e 2 is an edge of G * 1 , then replace it with the 2-path e 1 ve 2 . The resulting graph G 1 is an even subgraph of G without isolated e-vertices. Since every e-vertex of G has degree 3 in G, it has degree 2 in G 1 . Thus, by Theorem 2.18, G 1 gives rise to an Euler family of H.
The reader may have noticed that an Euler family of H constructed in the proof of Theorem 2.39 traverses every vertex of H except possible some of the vertices of degree 2. Observe that Theorem 2.39 does not hold for graphs (that is, 2-uniform hypergraphs); an example is a cycle with a chord. More generally, it does not hold for all hypergraphs in which every edge has size 2 or 3; such an example is given in Figure 6 . Proof. By Theorem 2.39, it suffices to show that H has no cut edges. If |V | = 3, then clearly none of the edges are cut edges. Hence assume |V | ≥ 4, and suppose that e ∈ E is a cut edge of H. Let u 1 , u 2 ∈ V be vertices of e that lie in distinct connected components of H − e, and consider any vertex w ∈ e. Then there exist edges e 1 , e 2 such that w, u i ∈ e i for i = 1, 2. Since obviously e 1 , e 2 = e, vertex w must lie in the same connected component of H − e as both u 1 and u 2 , contradicting the fact that u 1 and u 2 lie in distinct connected components of H − e. Hence H has no cut edges, and by Theorem 2.39 it is quasi-eulerian.
Recall that a triple system TS(n,λ) is a 3-uniform hypegraph of order n such that every pair of vertices lie together in exactly λ edges.
Corollary 2.41 Every triple system TS(n,λ) with (n, λ) = (3, 1) is quasi-eulerian.
We mention that Wagner and the second author recently proved that all triple systems TS(n,λ), except for TS (3, 1) , are in fact eulerian [17] .
The proof of [15, Theorem 2] for the case k = 3 is very long and technical; as another corollary of our Theorem 2.39, we show that every 3-uniform hypergraph with a connected 2-intersection graph is eulerian provided that it has no pendant vertices.
Corollary 2.42 Every 3-uniform hypergraph with a connected 2-intersection graph and without pendant vertices is eulerian.
Proof. Let H = (V, E) be a 3-uniform hypergraph with a connected 2-intersection graph L and without pendant vertices. Hence H has at least 2 edges. Suppose it has a cut edge e. Since L is connected, e shares exactly two of its vertices with another edge; consequently, these two vertices lie in the same connected component of H −e. Thus H −e has exactly two connected components; let H 1 be the connected component containing a single vertex, w, of e. By assumption, w is not a pendant vertex in H, so E(H 1 ) = ∅. Take any e 1 ∈ E(H 1 ) and any e 2 ∈ E − E(H 1 ). Then e 1 ∩ e 2 ⊆ {w}, whence e 1 e 2 ∈ E(L). It follows that L is disconnected, a contradiction.
We conclude that H has no cut edges, and hence is quasi-eulerian by Theorem 2.39. Let F = {T 1 , . . . , T k } be an Euler family of H with a minimum number of components, and suppose k ≥ 2. Let G be the incidence graph of H, let G ′ be the subgraph of G corresponding to F , and G 1 , . . . , G k the connected components of G ′ corresponding to the closed strict trails We conclude that k = 1, that is, H admits an Euler tour.
We conclude this section with an alternative, more detailed characterization of quasieulerian 3-uniform hypergraphs that are either even or odd, in terms of their incidence graph. Theorem 2.43 Let H = (V, E) be an even 3-uniform hypergraph and G its incidence graph. The following are equivalent:
Cycle decomposition and 2-factors of quasi-eulerian hypergraphs
The well-known Veblen's Theorem [20] states that a connected graph is even (and hence eulerian) if and only if it admits a decomposition into cycles. The analogous result for hypergraphs is presented below.
Theorem 2.46 A hypergraph is quasi-eulerian if and only if it admits a decomposition into cycles.
Proof. Let H = (V, E) be a quasi-eulerian hypergraph and G its incidence graph. By Theorem 2.18, G has an even subgraph G ′ that is 2-regular on E. Hence G ′ admits a decomposition into cycles, C G , and every e-vertex lies in exactly one of the cycles in C G . Let C H be the corresponding family of cycles in H. Then every e ∈ E lies in exactly one of the cycles in C H , so C H is a cycle decomposition of H. Conversely, assume that H = (V, E) is a hypergraph with a cycle decomposition C. Sequentially concatenating pairs of cycles in C with a common anchor, until no such pairs remain, yields an Euler family for H.
In the remainder of this section, we shall focus on the relationship between eulerian properties and existence of 2-factors in a hypergraph. In Section 2.2 we observed that an Euler family in a hypergraph corresponds to a 2-factor in the intersection graph, and an Euler tour corresponds to a Hamilton cycle, but not conversely. As we shall see below, a stronger relationship exists between eulerian properties of a hypergraph and existence of 2-factors in its dual.
Recall that the dual of a non-empty hypergraph H = (V, E) is the hypergraph H T = (E, V T ), where V T = {v T : v ∈ V } and v T = {e ∈ E : v ∈ e} for all v ∈ V . Observe that (v, e) ∈ F (H) if and only if (e, v T ) ∈ F (H T ), whence (H T ) T = H and the incidence graphs of H and H T are isomorphic. It is easy to see that a hypergraph is 2-regular if and only if its dual is 2-uniform. Below, we extend this observation to existence of 2-factors.
